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Abstract 
Relative displacement between pre-stressed and frictionally interlocked components can play a major role in the failure of 
mechanical assemblies. The undesired relative motion between the mating parts constituting the coupling may be the result of the 
accumulation of interfacial micro-slip along a preferred direction. Classical approaches for the design of these systems are based 
on macroscopic criteria, where potentially severe localised stress conditions giving rise to micro-slip are not considered. A 
quadratic programming approach which enables to resolve interfacial micro-slip adopting the distributed dislocation technique is 
proposed here to overcome the limitation of existing formulations. 
© 2009 Elsevier B.V. All rights reserved 
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1. Introduction 
Cumulative micro-slip mechanisms are often observed in pre-stressed and frictionally interlocked components. 
Shrink-fitted systems are a classical example of mechanical assemblies for which cumulative micro-slip caused by 
localised loading conditions may lead to system failures [1]. Engine conrods are another example of mechanical 
systems subjected to severe damage when bushes or conrod bearings slip with respect to the conrod housing [2].  In 
such components, the accumulated relative motion between the mating parts is the result of the local violation of 
frictional laws and frequently leads to unbounded slip and long-term unwanted rotations or misalignments. 
Classical approaches for the design of these systems are based on macroscopic criteria, where potentially severe 
localised stress conditions are not taken into account.  Furthermore, interfacial micro-slip is not easily captured 
using standard analytical and numerical tools, especially in the presence of complex loading scenarios, where 
simultaneous slip may occur at different locations along the mating surfaces [3]. Finite elements or boundary 
elements approaches may be able to provide accurate results.  However, computational time and solution 
convergence can be a critical aspect for this type of analyses [4]. 
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A quadratic programming technique which enables to resolve interfacial micro-slip by representing local relative 
displacements using the distributed dislocation technique [5] is proposed here to overcome the limitation of existing 
formulations.  Although the distributed dislocation technique has been successfully used to explain “interfacial 
creep” in layered frictional contacts [5], its applicability has been limited by the difficulties encountered when trying 
to simulate complex loading conditions, as these require convoluted iterative schemes [4].  Such limitation is 
circumvented here by formulating the layered contact problem in terms of a “quadratic cost function” to be 
minimised.  This approach has been successfully implemented to compute the surface tractions distributions for 
complex cyclic loading scenarios in contact problems representing typical fretting fatigue test configurations [6].  In 
this paper we extend its applicability to the analysis of interfacial micro-slip patterns for pre-stressed mechanical 
joints maintained in position by friction. Specifically, this work presents a systematic investigation of a simplified 
contact model of an elastic strip, shrink-fitted onto a disk, and subjected to different rolling contact conditions, 
resulting from the contact between the layered disc and a counter-disc. 
2. Model description 
The schematic problem to be solved consists of a disc (disc1 in Fig.1(a)) of radius R1 in contact with a second 
disc (disc2 in Fig. 1(a)) of radius R2.  The two discs are mounted on parallel axes and an elastic layer, of thickness b, 
is shrink-fitted on disc2. The contact between the two discs (which are modelled either as rigid or as elastically 
similar with respect to the layer and considered sufficiently long in the axial direction for the plane strain 
approximation to be valid) is guaranteed by a constant normal force N.  In addition to the normal force, a torque, T1, 
can be applied to disc1. This torque generates a tangential force Q at the contact and a torque, T2, is consequently 
transferred to disc2. The net transferred tangential force depends on the value of the friction coefficient, μ, at the 
contact interface between the layer and disc1. The frictional behaviour of the layer/disc2 interface is characterised 
by a static friction coefficient, f, which is in general assumed different from μ.  Throughout this model a Coulomb-
Amontons friction law is adopted and hence the coefficient of friction is independent of the slip velocity. 
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Fig. 1: (a) Schematic of the two-dimensional layered contact under investigation; (b) Simplified problem and interface micro-slip mechanisms. 
The first step to be performed to solve the two-dimensional rolling contact schematically reproduced in Fig. 1(a) 
is to find the solution of the equivalent simplified problem [7] depicted in Fig. 1(b) when no relative displacement is 
allowed between the layer and the half-plane.  The solution to the case when the materials are considered elastically 
similar is trivial as the bodies can be treated as half-planes and classical elastic contact mechanics theory applies [7].  
Here we will therefore discuss the case where the strip is mounted on a rigid substrate.  The numerical technique 
proposed by Bentall and Johnson [8] is adopted, whereby surface tractions are modelled by piece-wise linear 
distributions of overlapping triangles whose heights are found to satisfy appropriate boundary conditions.  Further 
details about the boundary conditions and the numerical method can be found in [7]. Once the elastic solution for the 
tractions is found, Fourier transform theory can be used to derive the layer elastic stress field. 
3. Formulation of the interfacial micro-slip problem using quadratic programming 
The stress field calculated at the interface between the elastic layer and the rigid half-plane using the technique 
outlined above has been obtained under the assumption that the elastic strip is fully bonded to the substrate. This 
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assumption needs to be relaxed if the presence of slip at the strip/wheel interface is to be considered.  The possibility 
for the two mating surfaces to displace relatively to each other is now contemplated.  If the local stresses at the 
layer/substrate interface violate the conditions for bonding, the solution to the problem requires the introduction of 
distributed dislocations for the new boundary conditions of the problem to be satisfied.  Here, however, we will 
focus on the loading conditions giving rise to local interfacial micro-slip corresponding to the formation of 
interfacial “cracks”.  These cracks are associated to the relative tangential displacement between the two surfaces 
and are modelled using glide dislocations only.  The presence of slip is conventionally accounted for by a glide 
dislocation, of density Bx, distributed along the layer/disc interface [5]. The stress field is consequently modified by 
the presence of dislocations and can be expressed as follows: 
 
0( ) ( ) ( ) ( , )
n
x
m
N x x B K x d pσσ ε ε ε= + −∫%  (1) 
 ( ) ( ) ( ) ( , )n
x
m
S x x B K x dττ ε ε ε= + ∫%  (2) 
where ( )xσ%  and ( )xτ%  represent respectively the interface normal and shear tractions derived assuming the layer 
perfectly bonded to the half-plane, 0p  is the constant pressure due to the initial mounting and N(x) and S(x) are the 
normal and shear stresses corresponding to the new boundary conditions to be imposed at the interface under 
investigation to solve the above set of integral equations.  The dislocation density, Bx, which is the peculiar element 
of the corrective terms in (1) and (2), can be computed using appropriate quadrature schemes [5] and Kσ and Kτ are 
kernel functions associated with the glide dislocations for the corresponding component of stress.  The existing 
solution schemes [5] are based on an initial guess on the location of the slip area and the solution is then achieved 
iteratively by finding the exact location of the interfacial cracks.  Iterating the solution where multiple interfacial 
cracks are simultaneously present at the mating surfaces is however prohibitive [4].  This has represented the main 
limitation to the applicability of the dislocation technique to problems involving complex loading scenarios. 
Here we propose to employ a technique which does not necessitate initial guessing of the location of the micro-
slip areas for the solution of the problem to be found.  This is achieved by minimising a functional that is cast in a 
form that allows for the boundary conditions to be globally defined along the entire interfacial domain and, hence, 
does not require the boundaries between areas of stick and slip to be determined explicitly during the solution.  In 
other words, we formulate the functional by combining the boundary conditions representing stick and slip areas. 
The conditions to assess if a particular pair of points in contact along the layer/substrate interface is in “stick” or in 
“slip” are respectively given by (3) and (4): 
 ( ) 0, ( ) ( ), ( ) 0h x S x fN x N x= < − <
 (3) 
 ( ) ( ), sgn( ( )) sgn( ( )), ( ) 0S x fN x S x h x N x= − = <
 (4) 
where h(x) is the local relative displacement between layer and substrate. These two conditions can be combined 
into a unique global boundary condition that can be integrated along the interface between the two mating surfaces: 
 
( ) ( ) ( ) ( ) .F S x h x fN x h x dx
∞
−∞
⎡ ⎤= − −⎣ ⎦∫%  (5) 
The value of the integral in (5) goes to zero only when the correct solution to the contact problem is integrated.  In 
order to compute the solution to the contact problem using a variational formulation similar to those described in [6] 
and [9], the functional F%  in (5) needs to be always positive and this is easily demonstrated here as: 
 ( ,0) ( ) ( ) ( ) ( ) ( ) ( ,0) ( ) 0S x h x fN x h x S x h x fN x h x− − ≥ − − ≥
 (6) 
This aspect is essential for the solution to the problem to be uniquely defined.  The problem can now be solved 
by minimising the functional F% subjected to the boundary conditions (8): 
 
,
,
min min ( ) ( ) ( ) ( )S h S hF S x h x fN x h x dx
∞
−∞
⎡ ⎤= − −⎣ ⎦∫%  (7) 
 
( ) ( ), ( ) 0; ( ) 0.xS x fN x N x B dε ε
∞
−∞
≤ − < =∫  (8) 
The solution achieved by minimising the functional F%  provides the best approximation to the exact solution [9]. 
The problem can now be discretised in space and rewritten in a quadratic form. The discretised form of (7) is solved 
using commercially available optimisation routines in its readily coded matrix form: 
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 1
min
2
T T
w w Hw g w+  (10) 
where w  represents the vector including the problem unknowns (h(x), N(x), and S(x)), H is matrix containing the 
quadratic terms of problem and g is the vector including the linear terms of the formulation. 
The solution of a moving load scenarios, when a velocity, v, is applied to the counter-disc (see Fig. 1(b)), can 
also be obtained using the framework developed above.  The net displacement, D, which measures the cyclic 
relative motion (or “creepage”) between the strip and the substrate induced locally by the passage of the counter-
disc over the layer surface is derived using the formulation described in [5] and a new functional adapted from (5). 
4. Results and discussion 
The formulation proposed in this paper is general and allows investigating a number of material combinations 
and loading scenarios.  However, a fully comprehensive analysis of strip/substrate interface is out of the scope of 
this contribution.  The case of an elastic layers (characterised by Poisson’s ratio ν = 0.3) shrink-fitted onto a rigid 
cylinder will be used here as a vehicle to describe some salient features of the solution.  Fig. 2(a) shows how the 
interfacial tangential tractions are affected by the presence of micro-slip in the static loading case.  The presence of 
the interfacial crack is clearly highlighted in the plot of the shear tractions at the layer/disc interface.  These results 
were obtained for b/a∞ = 1, μ = 0.7, f = 0.2, and λ  = 1, where a∞ represents the equivalent Hertzian contact semi-
width (obtained solving the normal indentation using half-plane theory) and λ is the ratio between the equivalent 
maximum Hertzian pressure, p
∞
, and 0p . For the same loading scenario, Fig. 2(b) shows how the interfacial 
tangential tractions are modified by the presence of incremental creepage induced by a steady-state moving load.  
The solution obtained using the quadratic programming technique outlined above is in very good agreement with the 
results computed by means of either the iterative solution scheme or finite element modelling [4]. 
Further developments will include the extension to the solution of the problem to transient loading conditions and 
more complex loading scenarios, including multiple slip areas present at the strip/substrate interface simultaneously. 
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Fig. 2: Tangential tractions for pure sliding condition between the layer and the counter-disc: (a) static case; (b) steady-state moving load. 
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